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Abstract
Optical vortices are very attractive because they transport a well-defined orbital angular
momentum (OAM) associated with the singularity of the beam. These singular beams,
commonly generated in the optical regime, are used in a wide range of applications:
communication,  micromanipulation,  microscopy,  among others.  The  production of
OAM beams in the extreme ultraviolet (XUV) and X-ray regimes is of great interest as
it allows to extend the applications of optical vortices down to the nanometric scale.
Several proposals have been explored in order to generate XUV vortices in synchrotrons
and FEL facilities. Here, we study the generation of XUV vortices through high-order
harmonic generation (HHG). HHG is a unique source of coherent radiation extending
from the XUV to the soft X-ray regime, emitted in the form of attosecond pulses. When
driving  HHG by  OAM beams,  highly  charged  XUV vortices  with  unprecedented
spatiotemporal properties are emitted in the form of helical attosecond beams. In this
chapter, we revise our theoretical work in the generation of XUV vortices by HHG. In
particular, we illustrate in detail the role of macroscopic phase matching of high-order
harmonics when driven by OAM beams, which allows to control the production of
attosecond beams carrying OAM.
Keywords: high harmonic generation, attosecond pulses, orbital angular momentum,
nonlinear optics, ultrafast phenomena, attosecond helical beams, extreme ultraviolet
vortices, phase matching
1. Introduction
Light beams are known to carry spin angular momentum (SAM), related to their polarization,
or orbital angular momentum (OAM), related to their spatial phase profile [1–3]. Helical phase
beams, also called optical vortices, exhibit a transversal spiral phase structure around the beam
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axis, thus having a well-defined OAM that is characterized by the topological charge, ℓ, i.e.,
the number of 2π-phase shifts along the azimuthal coordinate of the light beams. These beams
are typically produced in the optical and infrared (IR) regimes, being used in a broad range
of applications, such as optical communication [4, 5], micromanipulation [6, 7], and phase
contrast microscopy [8, 9], among others [10]. There is a wide interest to bring helical phase
beams into the extreme ultraviolet (XUV) and X-ray regimes, in order to extend their micro-
scopy and spectroscopy applications down to the nanometric scale [11–17].
Schemes for the generation of helical phase beams in the XUV/X-ray regime have been reported
in accelerator-based sources, such as synchrotrons and X-ray free-electron lasers (XFELs) [18–
22], and in laser-based sources, such as plasma induced in solid surfaces [23, 24] or underdense
plasmas [25] and high-order harmonic generation (HHG) in gas-phase media [16, 17, 26–30].
In general, accelerator-based sources produce more intense pulses but they are in the femto-
second timescale (1 fs = 10−15 s) and their spatiotemporal coherence is not always ideal. On the
other hand, laser-based sources produce shorter pulses, in the attosecond timescale (1 as = 10−18
s), with higher spatiotemporal coherence. In this chapter, we explore the unique properties of
XUV vortices generated via HHG.
HHG is an extreme nonlinear process, driven in an atomic gas-phase medium interacting with
an intense IR laser beam. This highly nonlinear interaction results in the emission of coherent
harmonic radiation in the XUV and soft X-ray spectral regimes [31, 32]. The HHG radiation
presents unique properties, the higher orders being emitted in the form of pulse trains at the
attosecond timescale [33–37] or even at the zeptosecond scale if driven by mid-IR lasers [38].
Harmonics with well-defined OAM (OAM-HHG) can be generated using helical phase beams
as driving fields. In such scenario, the phase twist is imprinted in the driving IR field—for
which a single setup (diffractive mask, for instance) is required [39–41]—and is subsequently
transferred to the short-wavelength radiation by nonlinear conversion. The first experiment of
OAM-HHG [26] reported the generation of harmonic vortices with topological charge nearly
equal to that of the fundamental field, i.e., the spiral phase structures of the harmonics and the
fundamental driver beam are similar. Those experimental observations were attributed by the
authors to nonlinear propagation effects and not to the OAM-HHG generation process itself.
For instance, this finding was unexpected in terms of the present understanding of HHG, in
which the harmonic phase scales roughly with the harmonic order [42]. Indeed, the spiral phase
structure of the harmonics is expected to be that of the fundamental but multiplied by the
harmonic order. In other words, if the driving OAM beam presents a topological charge ℓ, the
qth-order harmonic should be emitted with a higher topological charge of qℓ. Shortly afterward,
this expectation was demonstrated theoretically [27] and proven experimentally [16]. Inter-
estingly, the highly-charged XUV vortices generated through HHG can by synthesized into
helical attosecond beams [27–29]. Hence, HHG can be considered a direct route to generate
XUV vortices, and nowadays, stands for a promising technique to produce very short
(attosecond) vortices even in the soft X-ray regime.
Besides the promising applications of generating vortices in the XUV regime via HHG, there
are still some fundamental questions that are very interesting to explore. High-harmonic
radiation is a macroscopic output resulting from the emission of many atoms, but this
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observable has its origin in a quantum mechanical (single-atom) mechanism and has indeed
a strong correspondence, i.e., what occurs at the single-atom level in a particular spatiotem-
poral position will affect the macroscopic emission. OAM-HHG is indeed a clear example of
this striking effect. Each atom in the target perceives a different transversal phase of the
incoming IR field, and even though the atoms do not know the phases of their corresponding
neighbors (they are not entangled), this information will be imprinted in the superposition of
the photons emitted by the whole sample, giving rise to a transverse phase in the emitted
radiation. This fascinating property raises questions such as how this process occurs and which
are the significant mechanisms behind the imprinted (OAM) phase in the XUV harmonics. It
is in fact a much unexplored field and more research is needed to understand the formation
of XUV vortices via HHG.
In this chapter, we revise our theoretical work in the generation of XUV vortices by HHG. We
provide a self-explanatory introduction of our theoretical models and we emphasize the most
prominent results. In particular, we illustrate in detail the role of macroscopic phase matching
of high-order harmonics when driven by OAM beams, leading to helical attosecond beams
with unprecedented spatiotemporal properties.
The chapter is organized as follows. First, in Section 2 we introduce HHG, paying special
attention to the semiclassical understanding of the process in terms of quantum paths. Second,
in Section 3, we present the two theoretical methods that we have developed to simulate the
HHG process driven by OAM beams. On one hand, we have developed advanced HHG
simulations including quantum single-atom harmonic generation and macroscopic propaga-
tion. Our code, which is especially suited for beams without cylindrical symmetry, has been
widely contrasted against experiments. On the other hand, we have further developed a simple
semiclassical model that allows us to unveil the contribution from different quantum paths in
the HHG process. This model is of special interest for the optical community using OAM-HHG,
as it allows for qualitative description of future experiments. In Section 4, we present our results
of OAM-HHG. We show the main properties (OAM content and divergence) of the generated
XUV vortices. In addition, we analyze the phase-matching conditions of HHG driven by OAM,
showing that different quantum path contributions to the HHG spectrum can be naturally
selected by modifying the target position with respect to the driving beam focus. Finally, we
analyze the properties of the temporal emission of the XUV vortices. In particular, we show
that different XUV harmonic vortices can be synthesized to produce attosecond helical beams,
whose spatiotemporal properties (such as divergence and/or temporal chirp) can be controlled
through phase matching.
2. High-order harmonic generation
One of the major challenges since the invention of the laser [43] has been to extend coherent
radiation to the extreme regions of the optical electromagnetic spectrum, and, in particular, to
higher frequencies. For that purpose, harmonic generation offers a direct route. Although
perturbative harmonics were obtained shortly afterwards the invention of the laser [44],
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nonperturbative harmonics, i.e., those whose efficiency does not decrease exponentially with
their order, were not reported until the late 1980s [45, 46]. At the very beginning, this behavior
was attributed to multiphoton excitation of atomic subshells, but later, a nice classical inter-
pretation was proposed, relating the harmonic generation with tunneling ionization in the so-
called three-step model [47, 48]. Since then, the close interplay between theory and experiments
has boosted the development of the field, providing a unique mechanism for the generation
of extreme ultraviolet/soft X-ray radiation in the form of attosecond pulses [49–55].
HHG is achieved by focusing an intense femtosecond IR field into a gas target, as depicted in
Figure 1. The target, either atomic or molecular, is commonly found in experiments as a gas
jet, a gas cell, or a gas-filled capillary. The high nonlinear interaction between the IR field and
each atom results in the emission of harmonics of the fundamental IR field, whose frequency
extends into the XUV or even the soft X-ray regime. Notably, radiation emitted by the atoms
is coherent. Hence, the harmonic signal reaching the detector is strongly affected by the phase
matching of the high-order harmonics emitted by each atom of the target. Thus, HHG radiation
results from the interplay between the microscopic single-atom emission and the macroscopic
superposition of the contributions of all the atoms of the target.
Figure 1. (a) (Top) Schematic view of a HHG experiment: an intense fs IR field is focused into a gas jet. Each atom
interacting with the IR field emits XUV radiation in the form of higher-order harmonics. The harmonic signal at the
detector is strongly affected by the phase matching of the radiation from all the emitters. At the bottom, we present a
scheme of the single-atom HHG mechanism explained through the semiclassical three-step model: (i) ionization of the
electronic wave packet through tunnel ionization; (ii) acceleration by the laser field; and (iii) recombination with the
parent ion, resulting in the emission of higher-frequency radiation. (b) HHG spectrum obtained from a hydrogen atom
driven by an 800 nm, 5.8 cycles (15 fs) FWHM, and 1.57 × 1014 W/cm2 peak intensity laser pulse. The HHG spectrum is
calculated with the quantum SFA+ theory in hydrogen (see Section 3.1). (c) Attosecond pulse train envelope obtained
after performing the Fourier transform of the HHG spectrum presented in (b), windowed by a rectangular mask (blue)
at the high-energy plateau region. Two attosecond pulses per cycle are obtained, of ≃250 as FWHM pulse duration each
one.
From the microscopic point of view, the single-atom HHG process is well described by the
three-step model [47, 48], explained at the bottom of Figure 1: (i) an electronic wave packet is
ionized by an intense laser via tunneling; (ii) once in the continuum, it is accelerated by the
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field and driven back to the parent ion; and (iii) finally, upon recollision, it recombines,
releasing high-frequency radiation whose energy corresponds to the kinetic energy acquired
from the laser field plus the ionization potential. The dynamics of the electronic wave packet
in the continuum can be described accurately using classical trajectories, from which it is
simple to associate a particular recombination energy with an initial (ionization) time, as we
will see in Section 2.2. Interestingly enough, for every half-cycle, there are two different electron
paths leading to the same recombination energy, the so-called short and long trajectories. These
short and long trajectories appear naturally as path contributions in the quantum framework
within the strong-field approximation (SFA) [56, 57]. The phase of the HHG emission depends
on the particular path followed by the electron, thus the interference of the emission from
different paths may affect the structure of the harmonic spectrum. In addition, the time
ordering of the short and long quantum paths gives rise to a positive or a negative chirp,
respectively, in the temporal structure of the associated attosecond pulses [58]. We should also
mention the possibility of longer quantum paths, evolving over more than a laser cycle, which
give rise to higher-order rescatterings [59, 60] (providing zeptosecond waveforms in the high-
order harmonic radiation driven by mid-IR pulses [38]). The HHG interferences from short
and long quantum paths have been experimentally observed in standard HHG experiments
[61]. In the OAM-HHG context, we started the first studies exploring the contributions of the
different quantum paths to the harmonics, see Ref. [28]. In this chapter, we will revise the
importance of the quantum paths in OAM-HHG.
Macroscopically, HHG in extensive targets can be intricate. Atoms located at different posi-
tions in the target emit harmonic radiation whose phase depends on the amplitude and
phase of the local driving field. As a consequence, harmonic phase matching plays an essen-
tial role, limiting the spatial regions in which the harmonics contribute efficiently. Typically,
harmonic phase matching is described in terms of the longitudinal coherence length that
corresponds to the distance between two atoms whose emitted radiation interferes destruc-
tively, being a critical parameter for the optimization of HHG in macroscopic targets [62]. In
addition, transverse phase matching is defined in terms of the transverse coherence length
that describes the phase matching of the radiation coming from atoms placed in a plane per-
pendicular to the propagation axis [63]. Phase matching is essential to understand most of
the macroscopic features of HHG radiation and to develop unique sources such as soft X-
ray harmonics driven by mid-IR lasers [31]. Harmonic phase matching has been extensively
studied in different macroscopic geometries, such as Gaussian beams focused into gas jets
or gas cells [62, 64, 65] or transversal Bessel beams propagating in waveguides [66], among
others. In Section 4.2, we discuss in detail some of the phase-matching properties of high-
order harmonics driven by beams carrying OAM.
2.1. HHG radiation: XUV to soft X-ray radiation emitted in the form of attosecond pulses
Let us now analyze the main properties of the harmonic spectrum generated by an atom
irradiated by an intense laser pulse. The harmonic spectrum presents certain peculiar features
that have been observed since the earliest experiments and theoretical works [45, 46, 67, 68].
A typical HHG spectrum is composed of few, odd, low-order harmonics whose intensities
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decrease exponentially, in accordance with the perturbative scaling, followed by a wide region
of odd harmonics (the so-called plateau) with similar intensities. The plateau ends sharply at a
cutoff frequency given by the law ℏ�cut‐off ≃ ��+ 3.17��, where �� is the ionization potential
and �� is the ponderomotive energy. The appearance of a plateau is a remarkable property,
since it conveys the efficient emission of shorter wavelengths. Beyond the cutoff frequency, the
intensity of the harmonics decreases again quickly and higher-order harmonics are hardly
visible. The scaling of the harmonic � with the driving field intensity follows the law Ip, with
p < q at the plateau and cutoff regions, revealing their nonperturbative origins [69]. In Figure
1(b), we present an example of an HHG spectrum. In particular, we show the simulated HHG
spectrum obtained from the interaction of a hydrogen atom with a 800 nm, 5.8 cycles full width
at half maximum (FWHM), and 1.57 × 1014 W/cm2 peak intensity laser pulse.
There is a fundamental interest in extending the cutoff frequency to higher energies. From the
dependences of the ponderomotive energy, �� ∝ �02�, and the cutoff law, the HHG spectrum
can be extended toward higher energies by increasing the intensity (�) or/and the wavelength(�0) of the driving field. However, there are physical restrictions that limit the maximum
photon energy of the harmonic spectra. First, if we increase the laser intensity beyond a critical
point, we move to the barrier-suppression regime for ionization, where the spectral plateau is
degraded [70]. Second, the efficiency for the generation of the highest harmonic orders has
been shown to decrease drastically with the driving wavelength [59, 71]. In addition, phase-
matching conditions may decrease the efficiency of the harmonics when both increasing the
intensity and the wavelength of the driving laser field. Nevertheless, recently, it has been
possible to define experimental conditions in which favorable phase matching is naturally
achieved, leading to the efficient emission of soft X-ray HHG radiation, if driven by mid-IR
[31], or vacuum ultraviolet fields [32].
On the other hand, HHG offers the exciting perspective of synthesizing XUV pulses of
attosecond duration [33, 34]. An attosecond pulse train is obtained by the selection of the higher
frequency part of the HHG spectrum, i.e., the plateau. This synthesis is possible because the
plateau is composed of harmonics with similar intensities (like a frequency comb) and phases
[33]. In Figure 1(c), we present the attosecond pulse train envelope computed from the inverse
Fourier transform of the complex harmonic spectrum presented in Figure 1(b), windowed by
a rectangular mask (blue) of ten photons bandwidth (10�0, where �0 is the fundamental
frequency) at the high-energy plateau. An attosecond pulse is emitted in each half-cycle of the
incident laser pulse. Note that the obtention of odd-order harmonics results from the integra-
tion of attosecond pulses delayed by half a cycle, and with an overall phase shift of �, coming
from the sign of the driving field.
The first experimental measurement of an attosecond pulse train was performed by selecting
five consecutive harmonics generated in argon, obtaining 250 as pulses [35]. In addition,
isolated pulses with duration of 650 as were produced by spectrally filtering few cutoff
harmonics produced by an ultrashort laser pulse [36]. At present, after postcompression,
isolated pulses with temporal durations < 100 attoseconds have been measured experimen-
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tally [37, 72]. Moreover, there is a great interest to extend the production of isolated attosecond
pulses to the soft X-ray regime [73, 74], and there are proposals to produce subattosecond
waveforms by using mid-IR driving pulses [38].
2.2. Quantum path contributions to HHG
A beautifully simple picture to understand the single-atom HHG process is given by the
three-step model [47, 48], based on the so-called simple man’s model. In the tunneling re-
gime, one can assume that the ionization process depends only on the instantaneous value
of the electromagnetic field, and right after ionization, the electron is located at the coordi-
nate origin with zero velocity. Another assumption of this model consists in considering the
dynamics subsequent to ionization as corresponding to a classical free electron in the elec-
tromagnetic field, thus neglecting the influence of the Coulomb potential. As a consequence,
HHG can be understood in terms of simple semiclassical arguments, as explained at the bot-
tom of Figure 1(a).
We can study in detail the electronic dynamics in the three-step model by integrating the
classical equations of motion given by Newton’s law and using the conditions given by the
simple man’s model. In Figure 2(a), we have depicted some electron trajectories for different
ionization times, in the presence of a monochromatic laser field of �0 = 800 nm and peak
intensity of 1.57 × 1014 W/cm2. The gray-dashed line represents the electric field in arbitrary
units, whereas the green line represents the nucleus position, located at the coordinate origin.
Note that we have represented some of the trajectories that lead to recollision, as those that do
not recollide will not contribute to the HHG process. In Figure 2(b), we have plotted the
recollision kinetic energy of the particles as a function of the recollision (green points) and
ionization (red points) times. Note that there is one particular trajectory, represented in blue,
whose recollision energy is maximum, taking the well-known value of 3.17��. This trajectory
leads to the emission of the cutoff energy, and presents an excursion time of approximately0.63 times the period of the laser pulse. Further recollisions do not raise this maximum energy.
Noticeably, in every half-cycle of the laser pulse, there are two possible electron trajectories
leading to the same kinetic energy at recollision and therefore two possible paths for the
generation of the same harmonic (each named accordingly to the excursion time as short and
long trajectories). We have represented in Figure 2(a) three pairs of short and long trajectories
with energies at recollision of 3.0�� (purple), 2.5�� (dark pink), and 1.5�� (light pink).
The short and long path contributions also emerge from the quantum framework within the
strong-field approximation [56, 57, 75]. The phase of the harmonic emission not only depends
on the phase of the fundamental field but also on the particular path followed by the electron.
This additional nonperturbative term, the so-called intrinsic phase, is proportional to the
ponderomotive potential times the excursion time of the quantum path [75]. As a consequence,
the structure of the HHG spectrum may be intricate, as it results from the interference of the
emissions of the different quantum paths [61]. In addition, since the different electronic
trajectories rescatter at different times (see Figure 2), a chirp is imprinted in the emitted
radiation [58, 76, 77]. The emission from the short trajectories is positively chirped, i.e., the
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lower harmonics are emitted before the higher, as depicted by the positive slope of the green
curve in Figure 2(b). On the other hand, the emission from the long trajectories exhibits a
negative chirp, as depicted by the negative slope of the green curve in Figure 2(b). As a result,
the HHG mechanism itself prevents the harmonics to be emitted in the Fourier limit.
Figure 2. (a) Sample of electronic trajectories in a monochromatic laser field of λ0 = 800 nm and peak intensity of
1.57×1014 W/cm2. The gray-dashed line represents the electric field (arb. units), whereas the green line, the nucleus posi-
tion. Three pairs of short and long trajectories are represented for energies at recollision of 3.0Up (purple), 2.5Up (dark
pink), and 1.5Up (light pink), whereas the most energetic trajectory, raising 3.17p at recollision, is represented in blue.
The vertical axis represents the distance from the nucleus. (b) Returning kinetic energy of the electrons at the instant of
the first recollision in (a). The green points represent the recollision time, whereas the red points, the ionization time.
3. Theoretical treatment of OAM-HHG
The theoretical treatment of HHG admits different levels of description, ranging from the
classical to semiclassical and full quantum. For instance, in the previous section, we have
shown how HHG can be studied through classical electron trajectories. In this section, we build
a theoretical model to describe HHG driven by OAM beams, which takes into account both
microscopic and macroscopic physics. We have developed two alternative, full quantum and
semiclassical, methods that allow us to describe and have an insight into the microscopic
quantum paths involved in the formation of OAM vortices.
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Let’s start putting in context the physical scenario of HHG driven by OAM beams. In Figure
3, we present an schematic view of OAM-HHG. A pulsed vortex beam centered at λ0 = 800 nm,
a typical wavelength used for HHG, is focused into a gas jet. In this work, we use an argon
gas, and the amplitude of the field �0 is chosen to give a peak intensity of 1.4 × 1014 W/cm2 at
the focus. High-order harmonics are emitted at each atom in the target, and, upon propagation,
their coherent addition results in the far-field emission of XUV vortices, represented along the
divergence � and azimuth � coordinates.
The spatial structure of the IR vortex beam is represented by a monochromatic Laguerre-
Gaussian beam propagating in the z-direction, with wavelength �0(�0 = 2�/�0) expressed as��ℓ,�(�,�,�; �0)���0�, where
| | 2 2 2
| |0 0
, 0 0 2 2
2 2( , , ; ) = exp exp ( ) ,( ) ( ) ( ) ( ) 2 ( )f f
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and �(�) = �0 1 + (�/�0)2, with �0 being the waist of the mode, �0 = �0�02/2 the Rayleigh
range, �(�) = � 1 + (�0/�)2  the phase-front radius, Φℓ(�) = − (2� + ℓ + 1)arctan(�/�0) the
Gouy phase, and ��ℓ (�) the associated Laguerre polynomials
Figure 3. Scheme of HHG driven by OAM beams. An intense IR vortex beam carrying OAM (with ℓ = 1 in this case)
is focused into an argon gas jet. The near-field coordinates are (�,�). Each atom emits HHG radiation that, upon prop-
agation, results in the far-field emission of XUV vortices with some divergence and azimuth (�,�). In the bottom, we
show the near-field amplitude (left) and phase (right) of the LG1,0 IR mode, with beam waist of 30 μm.
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The indices ℓ = 0, ± 1, ± 2,… and � = 0,1,2,… correspond to the topological charge and the
number of nonaxial radial nodes of the mode, respectively. At the bottom of Figure 3, we
present the amplitude (left) and phase (right) of the LG1,0 IR mode. In the simulations presented
in this work, we have considered a well-defined OAM of ℓ = 1 and � = 0 as a driving field, with
a beam waist of �0 = 30 μm and, therefore, a Rayleigh range of �0 = 3.5 mm.
3.1. 3D quantum SFA theory
We have developed a quantum method to compute HHG including both single-atom (micro-
scopic) and phase matching (macroscopic) physics. In order to take into account macroscopic
phase matching, we compute harmonic propagation using the electromagnetic field propaga-
tor [78]. To this end, we discretize the target (gas jet) into a set of � elementary radiating volumes
(typically > 105), as sketched in Figure 3, and propagate the emitted field ��(��,   �) to the far-
field detector,
2
| |( , ) = | |
é ù-æ ö´ ´ -ê úç ÷- è øë û
s r rE r s ar r
j d d j
j d d j
d j
qt tc c (3)
where �� is the unitary vector pointing to the detector, �� and �� are the position vectors of the
far-field detector and of the near-field elementary radiator �, respectively, and �� is the dipole
acceleration of each elementary source. Note that in Eq. (3), the harmonic radiation is assumed
to propagate with the vacuum phase velocity, which is a reasonable assumption for high-order
harmonics. The harmonic field reaching the detector is thus calculated as the coherent addition
of these elementary contributions. Propagation effects in the driving field, such as the pro-
duction of plasma, the refractive index of the neutrals, the group-velocity walkoff [79], as well
as the absorption in the propagation of the harmonics are also taken into account.
In the case of intense fields, the computation of the microscopic HHG dynamics of the
elementary radiators is not trivial, as the interaction is nonperturbative. Due to the large
number of radiators, the use of exact numerical integration of the time-dependent Schrödinger
equation becomes extremely expensive. Therefore, the use of simplified models is almost
mandatory. In the case of intense fields, S-matrix approaches combined with the strong-field
approximation [80–82] are demonstrated to retain most of the features of the HHG process [75,
83]. We use an extension of the standard SFA, hence we will refer it as SFA+, where the total
dipole acceleration of the � radiator (��) is found from two contributions, �� and ��, the first
being the standard SFA expression and the latter being a correction due to the instantaneous
dressing of the ground state. This method computes the dipole acceleration directly from the
superposition of the contributions of each Volkov wave, each can be integrated separately as
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an ordinary 1D equation, leading to a very efficient algorithm [71, 84]. The single-atom HHG
spectrum can be found after performing the Fourier transform of the dipole acceleration.
One of the advantages of this method, which takes into account both microscopic and macro-
scopic HHG, is that it is well-fitted to nonsymmetric geometries, therefore, it is especially suited
for computing HHG driven by singular beams, such as those carrying OAM. The method has
been successfully used for describing regular HHG with near- and mid-IR lasers, in good
agreement with several experiments [31, 63, 73, 85–88].
For the simulation results presented in this work, we have considered a laser pulse with a well-
defined OAM of ℓ = 1 as a driving field. The laser pulse is assumed to have a temporal
envelope of sin2(��/��), where �=16 cycles and � is the laser period (2.67 fs). The FWHM of
the pulse is 15.4 fs and the peak intensity is 1.4 × 1014 W/cm2. The detector is assumed to be
far enough from the interaction area in order to comply with the far-field condition. The target
is an argon gas jet, directed along the x-axis, and modeled by a Gaussian distribution along
the � and � dimensions (whose FWHM is 500 �m), and a constant profile along its axial
dimension, �. The peak density is 1017 atoms/cm3.
3.2. The thin slab model (TSM)
We have developed a simple model, the thin slab model (referred as quantum path OAM model
in [28]), to gain insight on the physical origin of the structure of the XUV vortices generated
via HHG. In this simplified description, the target is represented by a thin (2D) slab placed
perpendicular to the propagation axis of the fundamental beam. As a consequence, our
approach does not take into account longitudinal phase matching, allowing us to focus the
discussion on transverse phase matching [63] that is expected to be relevant due to the
transverse structure of OAM beams.
The complex beam profile of the fundamental field in the thin slab, placed at a propagation
distance ��, can be written as
( , , )( ) = ( , , ) ,r fr f Fi zttA r U z e (4)
where Φ(�) contains the phase terms presented in the exponential of Eq. (1) and the amplitude
terms are grouped in �(�).
We consider the high-order harmonics to be emitted at the thin slab. Let us see how their
intensity and phase profiles are related to that of the driving field. In the perturbative regime,
the amplitude of the qth harmonic is proportional to the power of the fundamental beam
amplitude ∝ �(�)�. However, since HHG is highly nonperturbative, the amplitude of the
generated harmonic scales with a lower power [69]. As a consequence, the harmonic field at
the slab can be approximated by an analytic SFA representation, first used in [42]. This
representation gives a different scaling of the amplitude and harmonic phase with the driving
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field. First, the amplitude of the �th harmonic is proportional to the �th power of the funda-
mental amplitude �(�)�, where p < q reflects the nonperturbative HHG behavior, being
approximately constant for the harmonics in the plateau region. In order to extract the value
of the � exponent, and thus the scaling of the harmonic amplitude with the driving field, we
perform single-atom HHG calculations using the SFA+ approach. We present in Figure 4(a),
the HHG spectra (log scale) driven by an 800 nm laser field for three different peak intensities.
The driving laser pulse is assumed to have a temporal envelope of sin2(��/��), where �= 64
cycles and � is the laser period (2.67 fs). The FWHM of the pulse is 61.4 fs. The amplitude of
the field is chosen to give peak intensities of 0.875 × 1014 W/cm2 (red), 1.177 × 1014 W/cm2
(green), and 1.524 × 1014 W/cm2 (blue). In Figure 4(b)–(e), we show the scaling for the peak of
the 17th, 19th, 21st, and 23rd harmonics, respectively, with the driving field amplitude (log
scale). The oscillations of the harmonic peak amplitudes with the driving amplitude are a
known consequence of the interference between the short and long quantum path contribu-
tions [61]. By performing a linear fit out of the logarithmic plot, we extract the � exponent,
being 3.7, 3.9, 3.4, and 3.6 for the 17th, 19th, 21st, and 23rd harmonics, respectively. As
commented above, the value obtained for � is very similar for the harmonics in the plateau
region of the spectrum.
Figure 4. Scaling of the harmonic amplitude with the driver field. (a) Single-atom HHG spectrum (log scale) calculated
using the SFA+ approach, driven by a 800 nm laser pulse modeled by a sin2 envelope with 61.4 fs FWHM, and peak
intensities of 0.875 × 1014 W/cm2 (red), 1.117 × 1014 W/cm2 (green), and 1.524 × 1014 W/cm2 (blue). The scaling of the 17th
(b), 19th (c), 21st (d), and 23rd (e) harmonics with the driver amplitude is fitted to a power � of 3.7, 3.9, 3.4, and 3.6,
respectively.
On the other hand, the phase of the harmonics scales with � times the phase of the driving
field �Φ(�), and has an additional nonperturbative term, the intrinsic phase, which is propor-
tional to the intensity of the fundamental field ��� �(�) 2. The strong-field parameters ���
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depend on the electronic quantum path (�) (short or long) followed by the semiclassical
description of the HHG process (see Section 2.2). They can be calculated from the action of
classical trajectories with recollision energies leading to the considered harmonic [62]. For the
simulations considered in this chapter, the strong-field parameters for the 19th harmonic for
the short (�) and long (�) quantum path contributions are found to be �19� = 2.75 × 10−14
cm2 W−1 and �19� = 2.220 × 10−13 cm2 W−1.
Taking into account the previous arguments for the description of the high-order harmonics
in the analytic SFA representation, the contribution of the � quantum path (short or long) to
the qth harmonic emitted at a slab located at �� can be written as
3/2 2| ( , , )|( , , )( , , ) = | ( , , ) | a r fr fr f r ft
Fæ öç ÷è ø
ji U ziq zj p q ttq t tj
CA z U z e e (5)
where � is a constant and τj is the excursion time associated with the � quantum path [75],
affecting the efficiency of HHG due to the quantum diffusion of the electron wave packet.
Once we have the description of the �th harmonic field at the slab, we use Fraunhofer diffraction
theory to calculate the far-field signal. The �th harmonic field at the divergence β and azimuthal
φ coordinates is given by the Fraunhofer integral
2 tan cos( )2
0 0( , ) ( ) ,
p r b j fp lb j r r f
¢ ¢- -¥ ¢ ¢ ¢ ¢µ ò ò r
i
j j q
q qF d d A e (6)
23/2 tan cos( )22 | ( , , )|( , , )
0 0( , ) | ( , , ) |
p r b j fp a r fr f lb j r r f r ft
¢ ¢- -¥ ¢ ¢¢ ¢Fæ ö ¢ ¢ ¢ ¢ ¢µ ç ÷è ø ò ò q
iji U ziq zj p q ttq tj
CF d d U z e e e (7)
where (ρ′,ϕ′) represents the near-field polar coordinates and �� is the wavelength of the �th
harmonic related to the fundamental wavelength as �� = �0/�. Now, using (5), we obtain
While this equation is valid for a driving field composed of any combination of Laguerre-
Gaussian modes, let us now consider a driving field composed of a single OAM mode. In this
case, the intensity of the driving does not vary along the azimuthal coordinate, i.e., |U(ρ′,ϕ′,
zt) | = | U(ρ′,zt)|, and we can perform the analytic integral over ϕ′. By considering the phase
part of the fundamental Laguerre-Gaussian beam in Eq. (1), we finally obtain a compact
formula that includes the dependence on both the fundamental OAM (ℓ) and the quantum
path contribution (�) [28],
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Note that the detected harmonic signal will result from the superposition of short and long
quantum path contributions. We remark that Eq. (8) is valid when the fundamental beam is
composed by a single OAM mode. For any combination of different OAM modes, one should
use Eq. (7) [30].
4. Results: XUV harmonic vortices
Once we have introduced the theoretical methods, we can proceed with the discussion of the
main results of OAM-HHG. First, in Section 4.1, we describe the main properties of the XUV
vortices that are generated. We will concentrate on their OAM content and divergence. Second,
in subsection 4.2, we will analyze how macroscopic phase-matching conditions affect the
process of OAM-HHG. We will observe how short and long quantum path contributions can
be naturally isolated by adjusting the relative position between the gas jet and the driving beam
focus. Finally, in Section 4.3, we will describe the rich spatiotemporal structure of the helical
attosecond beams that emerges when several XUV vortices are synthesized.
4.1. XUV vortices: OAM content and divergence
Let us now investigate the main properties of the XUV vortices generated via HHG. In Figure
5, we present the intensity (top) and phase (bottom) far-field angular profiles of the 17th (a),
19th (b), 21st (c), and 23rd (d) harmonic vortices. These results are obtained using the 3D
quantum SFA simulations, where we have placed the argon jet at the focus position of the LG1,0
mode shown in Figure 3. Two main conclusions arise from these plots. First, the radius of the
annular intensity distribution is similar for all the harmonics, and thus, they are emitted with
similar divergence. Note that some of the harmonics exhibit secondary rings due to phase
matching, as we discuss in detail in subsection 4.2. Second, the phase-plots show that the
topological charge of the qth-order harmonic is �, leading to a simple scaling of the topological
charge with the harmonic order ℓ� = �ℓ (ℓ� being the topological charge of the qth harmonic).
This scaling of OAM in HHG was first predicted theoretically in Ref. [27] and later confirmed
experimentally in Ref. [16]. Note that this simple selection rule follows the energy conservation
law for the harmonic conversion process �� = �� (� being the frequency of the fundamental
field), which was previously found in perturbative OAM harmonic generation [89–92].
However, this simple rule may result unexpected in the nonperturbative regime, since the
intrinsic phase is not directly related to a specific multiphoton channel. Recently, we have
shown that the nonperturbative nature of HHG modifies the selection rule for the OAM build-
up only if the driving beam is composed of different LGℓ,p modes [30]. If pure OAM modes are
used, the OAM build-up in HHG is thus governed by the simple selection rule ℓ� = �ℓ.
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It is interesting to note that in the OAM-HHG experiments [16, 26, 29] and theoretical works
[27, 28] performed to date, the divergence of all the harmonics was found to be similar, in
contrast to standard HHG driven by Gaussian beams, where the divergence decreases with
the harmonic order. In fact, this result is a consequence of the OAM build-up law ℓ� = �ℓ [29].
We can disentangle it from the final expression of our TSM approach, given by Eq. (8). The
dependence on the divergence in the TSM appears in the Bessel function, which is a part of
the amplitude of the integrand of the equation. The order of this Bessel function is directly
related to the OAM of the qth harmonic generated in the process �ℓ. The argument, which is
proportional to the divergence, is inversely proportional to the wavelength of the qth harmonic��. Consequently, both, the order and the argument of the Bessel function, are proportional to
the harmonic order �, which is the reason why the position of the maximum of the amplitude
of the integrand of Eq. (8) is almost invariant with respect to the harmonic order. To prove this
similarity, we show in Figure 6 this amplitude as a function of the divergence for different
harmonic orders [19th (blue), 21st (green), 23rd (red), 25th (cyan), and 27th (purple)]. The
amplitudes have been calculated at the radius at which the function rUp(r,zt = 0) takes the
maximum value. As it can be observed, the signal of all the harmonics rises around � ≃ 6 mrad,
where all of them present a maximum amplitude.
HHG leads to a perfect vortex generation process in terms of its applicability [93], as all these
XUV vortices of topological charge �ℓ are emitted with similar size. First, HHG offers a unique
possibility to generate energy-tunable OAM beams, by selecting different harmonic orders (for
example, in Figure 5, from 26.3 to 35.6 eV), which, in principle, could be extended to the soft
X-ray regime if mid-IR drivers were used [31]. Second, HHG provides a unique tool to produce
Figure 5. Intensity (top) and phase (bottom) far-field angular profiles of the 17th (a), 19th (b), 21st (c), and 23th (d) har-
monics, obtained with the 3D quantum SFA simulations. The argon gas jet is placed at the focus of a LG1,0 mode, with a
beam waist of w0 = 30 μm and λ0 = 800 nm. The amplitude is chosen to give a peak intensity of 1.14×1014 W/cm2 at the
focus. Note that the resulting topological charge (obtained from the phase plots) follows the scaling law lq = ql and
thus, resulting in l17 = 17 to l23 = 23.
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OAM-tunable XUV vortices, by directly changing the topological charge of the driving beam
ℓ, or, for example, by using a crossed beam geometry, where the noncollinear beams present
different OAM and wavelength properties [16]. Recently, the use of driving beams carrying a
superposition of different OAM contributions revealed a rich scenario in which XUV vortices
present multiple OAM contributions arising from the nonperturbative behavior of HHG [30],
offering a new route to generate OAM-tunable vortex beams.
Figure 6. Amplitude of the integrand of Eq. (8), r0Up(r0,zt = 0)Jqℓ(2πβr0/λq), for different harmonic orders (� going from
19th to 27th), and �0 being the radius where we obtain the maximum of the function rUp(r,zt = 0). The divergence
where the integrand is maximized is very similar for all harmonic orders (� ≃ 6 mrad). Note that in the order of the
Bessel function, we have considered the OAM build-up law, ℓ� = �ℓ, which appears to be a necessary condition for
emitting XUV harmonic vortices with similar divergences.
4.2. Phase-matching effects in OAM-HHG
Once we have presented the main properties of the XUV vortices generated via HHG (diver-
gence and OAM content), we study the effect of macroscopic phase matching on their gener-
ation. Harmonic phase-matching conditions are known to depend strongly on the position of
the target with respect to the focus of the driving field [62]. In particular, in standard HHG
experiments with Gaussian beams, short quantum path contributions dominate the detected
HHG emission if the gas target is placed after the focus position. However, if the target is placed
before the focus, long quantum paths dominate for low divergence angles while the short ones
dominate at larger angles [64, 65]. In this section, we discuss the effects of the relative position
between the target and the beam focus in HHG driven by helical-phase beams carrying OAM.
First, we make use of our TSM approach to disentangle the short and long quantum path
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contributions under different phase-matching conditions. Second, we perform a time-frequen-
cy analysis (TFA) to identify the quantum path contributions in the 3D quantum SFA simula-
tions. More information about the phase matching in OAM-HHG can be found in Ref. [28].
4.2.1. Disentangling quantum path contributions with the thin slab model
In Figure 7, we show the intensity profile (log scale) of the 19th harmonic as a function of the
target position along the propagation distance. To this end, the intensity angular profile along
the divergence � for a fixed azimuth � = 0 is shown as a function of the target position ��,
where zt < 0 (zt > 0) stands for a target placed before (after) the focus position. Note that the
horizontal axis can be read as the radial axis of the emitted OAM ring. First, we show in panel
(a), the results obtained with the 3D quantum SFA model, where we have considered the target
as a thin slab of 1 μm. We observe that both the divergence and the thickness of the harmonic
vortex ring vary substantially with respect to the slab position. Moreover, in addition to the
main intensity structure emitted at 5–6 mrad, we observe additional structures with larger
divergence if �� > 0 and with lower divergence if �� < 0.
Figure 7. Angular dependence of the 19th harmonic as a function of the slab position ��. Panel (a) shows the result
obtained from the full 3D quantum SFA model. Panels (b–d) are obtained from the TSM, using the same parameters as
in (a), but considering the short quantum paths (b), the long ones (c) and the coherent addition of both of them (d).
In order to get a qualitative explanation of the divergence profiles observed in panel (a) of
Figure 7, we use the thin slab model. To this end, we calculate the 19th harmonic far-field signal
by integrating Eq. (8) with the same beam parameters as used in panel (a), where the pth power
of the harmonic amplitude is � = 3.9 and the strong-field parameters are �19� = 2.75 × 10−14
cm2/W and �19� = 2.220 × 10−13 cm2/W. We can separately obtain the harmonic contributions
from different quantum paths with the TSM. Thus, we present the intensity profile of the short
(b), long (c) and short + long (d) quantum path contributions to the 19th harmonic as a
function of ��. Note that in panel (d), short and long contributions are added coherently taking
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into account the semiclassical excursion times [see Eq. (8)]. The excellent agreement between
the 3D SFA quantum simulations in panel (a) and the short + long TSM results in panel (d)
serves as a validation of the TSM. As a result, we can use the results in panels (b) and (c) to
identify the main features of panel (a) in terms of short and long quantum paths.
Figure 8. Far-field spatial intensity profile of the 19th harmonic for a slab placed at seven near-field positions, from �� =
− 3 mm (left) to �� = 3 mm (right), calculated with the TSM considering (a) short + long, (b) short, and (c) long quantum
path contributions. Whereas short quantum path contributions exhibit similar intensity and structure independently of
the near-field slab location, long ones are more intense if the slab is placed before the focus position. As a consequence,
a rich vortex structure profile is obtained depending on the near-field slab position.
For better interpretation of the results that can be extracted from Figure 7, we represent in
Figure 8 the far-field divergence intensity profile of the 19th harmonic for seven slab positions��, from �� = − 3 mm to �� = 3 mm, using the TSM and considering (a) short + long, (b) short,
and (c) long quantum path contributions. From Figures 7 and 8, we observe that the emission
dependence on the slab position is completely different for short and long quantum paths,
being the short quantum path contribution the dominant, as expected from the shorter
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excursion time [see Eq. (8)]. On the other hand, the intensity profile obtained from the short
quantum path contributions is symmetric with �� and that of the long ones is asymmetric, being
more intense if �� < 0. This behavior allows us to identify two different phase-matching
regimes depending on the slab position with respect to the focus position. First, when the slab
is placed before the focus (�� < 0), long quantum paths are emitted with smaller divergence
than the short ones. In fact, for �� = < − 2 mm, in Figure 7(a) and (d), we can identify two
well-separated contributions, with similar weight, corresponding to long quantum paths at
low divergence and to short paths at higher divergence. This result becomes evident when
analyzing the first column of Figure 8: two separated rings, from long (inner) and short (outer)
quantum path contributions are obtained. Second, when the slab is placed after the focus
position (�� > 0), the short quantum path contributions dominate at smaller divergence angles
while the long ones generate a less intense wriggle structure at large divergence angles.
As the results presented in Figures 7 and 8 are performed for a thin slab, longitudinal phase-
matching effects are neglected, and we can confirm that the behavior presented for different
target positions is a direct consequence of transverse phase matching [28, 63]. Note that
although in Figure 7(a) we have used an unrealistic 2D gas jet (1 μm -thick), when using a
realistic 3D gas jet (500 μm-thick) the results are very similar [28].
4.2.2. Quantum path contributions in the 3D quantum SFA simulations: time-frequency analysis
In order to confirm the qualitative picture given by the TSM for the separation of short and
long quantum paths, we perform a time-frequency analysis of the harmonic emission based
on the 3D quantum SFA simulations using a realistic 500 μm thick 3D gas jet. The 3D quantum
SFA model gives a full quantum description of the HHG emission but it does not provide an
insight of the semiclassical picture in terms of quantum trajectories. However, with the help
of the TFA, we can resolve the temporal order in which high-order harmonics are emitted, and
thus, it allows us to extract relevant information about the quantum path contributions.
In the TFA of the harmonic emission [94], we select a spectral window in the harmonic
spectrum and take its Fourier transform. By shifting the window to cover the entire harmonic
spectrum, it is possible to resolve the time in which the different harmonics are generated.
Nevertheless, due to the uncertainty principle, we have to be careful when interpreting the
results of the TFA, as the width of the spectral window determines the resolution in time; the
narrower the spectral window is, the less resolution we obtain in the temporal domain. The
TFA has served to reveal unique features of HHG, like for example, the quantum path
interferences due to multiple rescatterings in the HHG process [38, 95]. As it is usually observed
in HHG calculations, the time evolution of the harmonic emission follows faithfully the
distribution of rescattering energies of classical trajectories. As a consequence, from the TFA
analysis, we can identify the short (long) quantum paths, as the TFA structures with positive
(negative) slope, which give rise to a positive (negative) chirp in the harmonic emission, as
commented in Section 2.2.
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In Figure 9, we present the HHG spectra as a function of the divergence � for a 500 μm-thick
gas jet placed 2 mm before (a) and after (b) the focus position, accordingly to the two regimes
identified in Figures 7 and 8. As commented before, we observe that the harmonics exhibit
similar divergence but their structure changes with the gas jet position. In the lower panels of
Figure 9, we present the TFA of the HHG spectra emitted at different divergence �, where a
Gaussian spectral window with FWHM 3�0 has been used to perform the TFA.
When the gas jet is placed before the focus (a), two ring structures can be identified, centered
at divergences 3.5 and 6.2 mrad, whose TFA analysis are shown in panels (a1) and (a2),
respectively. Whereas the TFA at 3.5 mrad (a1) presents structures with negative slope, at 6.2
mrad (a2), it presents structures with positive slope. As a consequence, long quantum paths
are emitted with lower divergence and short ones with higher divergence, in agreement with
the results previously obtained with the TSM in Figures 7 and 8. In addition, note that within
each half-cycle, the long quantum path structures in (a1) are delayed in time with respect to
the short ones in (a2), as expected from the semiclassical HHG theory [96].
Figure 9. Time-frequency analysis based on the 3D quantum SFA model, for the XUV vortices generated in a 3D gas jet
placed 2 mm before (a) and after (b) the focus position of the LG1,0 beam. The top panels present the angular depend-
ence of the harmonic radiation. The TFA of some particular angles (indicated by the dashed-white lines) are shown at
the bottom panels, revealing the contribution of the short and long quantum paths, through the positive or negative
slopes of the TFA structures, respectively.
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On the other hand, when the gas jet is located after the focus (b), a prominent ring centered at
6.2 mrad and two secondary ones centered at 7.9 and 8.8 mrad are observed. The TFA analyses
at those three divergences are shown in plots (b1) to (b3), respectively. We note that, in
agreement with the TSM of Figures 7 and 8, (b1) is dominated by short quantum path
contributions, whereas (b3) by long ones. Interestingly, the annular structure conformed
around 7.9 mrad, (b2) presents contributions from both short and long quantum paths.
As a result, longitudinal phase matching, included through the 500 μm thickness of the gas
jet, does not modify our previous conclusions in realistic gas jets, and thus the angular sepa-
ration of highly-charged HHG vortices from different quantum paths is due to the trans-
verse phase matching. In addition, this analysis through the TFA corroborates the adequacy
of the TSM approach developed in Section 3.2. A rich scenario of XUV harmonic vortices is
obtained, with different intensity structures and temporal properties due to the phase
matching of short and long quantum path contributions. Note that long quantum path con-
tributions are hard to observe experimentally due to their lower weight in the overall har-
monic emission. Whereas with standard Gaussian beams, long paths have been successfully
observed and characterized, the observation of XUV vortices obtained from long quantum
path contributions remains unobserved.
4.3. Helical attosecond pulse trains
Finally, we proceed to study how the XUV vortices obtained from HHG are emitted in the
temporal domain. As introduced in Section 2, one of the most exciting perspectives of HHG is
the possibility of synthesizing XUV pulses of attosecond duration. For the correct synthesis,
the spectrum should approximately satisfy two conditions: its structure should approach to
that of a frequency comb, in which the harmonic intensities are similar, and the relative phase
between the harmonics should be nearly constant. Fortunately, HHG satisfies these two
conditions, and as XUV vortices are emitted with similar divergence in OAM-HHG, the
radiation of several high-order harmonics can be synthesized to produce attosecond pulse
trains.
In Figure 10, we present our simulation results of the temporal evolution of the high-order
harmonics produced when the 500 μm-thick gas jet is centered at 2 mm after the focus position.
Note that, at this position, short quantum path contributions dominate, and the HHG signal
is maximized, as discussed in Section 4.2. We have filtered the low-order harmonics (below
11th) by simulating their transmission through an aluminum filter. First, in panel (a), we
present five snapshots of the transverse intensity distribution of the integrated harmonic signal
within half a cycle of the fundamental laser pulse, i.e., in a time interval of 1.33 fs. We observe
that two well-defined intensity structures rotate in time, with a period of half a cycle.
In order to visualize the spatial structure of the HHG emission, we plot in panel (b) the
spatiotemporal evolution of a given HHG intensity. We observe that a helical attosecond pulse
train is obtained [27], i.e., an attosecond pulse train delayed along the azimuth � according to
the phase variation of the fundamental LG1,0 beam. In the right part of panel (b), we show the
attosecond pulse train obtained at four different azimuths (�=0, �/2, �, and 3�/2). Note that
this particular spatiotemporal structure can also be identified as two interwinded helices that
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result from the addition of harmonic vortices with different topological charges [97]. The
number of interwinded helices is given by ��ℓ, i.e., the order difference between successive
harmonics in the spectrum (��) times the topological charge of the driving beam (ℓ) [97]. In
our case, ℓ = 1 and �� = 2 as odd-order harmonics are produced, leading to two interwinded
helices. As a consequence, the spatiotemporal structure of the helical attosecond beam can be
sculpted by driving HHG with different topological charges (i.e., modifying ℓ) or wavelength
combinations (and thus changing ��).
Figure 10. Attosecond helical beam structures of the emitted harmonic radiation obtained with the 3D quantum SFA
model, for a 500 μm gas jet placed 2 mm after the focus position. In panel (a), we represent five snapshots of the trans-
versal intensity structure at times equal to 0, 0.12, 0.25, 0.38, and 0.5 times the laser period (T), starting from the center
of the IR pulse. We note that two well-defined intensity structures rotate in time, with a period of half a cycle. In panel
(b), we represent the spatiotemporal structure of the XUV emission, exhibiting an helical attosecond beam composed of
two interwinded helices. The right panels in (b) show the attosecond pulse train at four different azimuths (� = 0,�/2, �, and 3�/2). From this panel, we observe that the helical attosecond beam is composed by an attosecond pulse
train that is delayed along the azimuthal coordinate.
The attosecond helical beams obtained from OAM-HHG were theoretically predicted in [27]
and have been recently measured experimentally using the RABBITT technique [29]. Note that
the carrier-envelope phase of the driving field is imprinted in the attosecond helical beam along
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the azimuth. If the pulse duration of the driving field is restricted to few cycles, the number of
pulses of the attosecond helical beam changes along the azimuthal direction, from an isolated
pulse, to two pulses [27].
Finally, note that helical attosecond pulse trains with different divergence and chirp can be
obtained by properly selecting the phase-matching properties to maximize the emission from
short or long quantum path contributions [28]. Thus, our results show the possibility of
generating helical attosecond pulse trains with different spatiotemporal structures that could
be selected depending on the application. In these types of helical beams, which can also be
generated using relativistic laser-matter interaction [23, 98], not only the phase but also the
intensity profile possess a helical structure. As a consequence, these beams are able to exchange
OAM in situations where standard Laguerre-Gauss beams cannot, opening an entirely new
light-matter interaction regime [97].
5. Conclusions and outlook
Extreme ultraviolet OAM beams with high spatiotemporal coherence are now produced via
HHG. When focusing an intense infrared OAM beam into a gas target, the HHG process
combines the microscopic quantum mechanics with the macroscopic physics to imprint OAM
into higher-order harmonics of the driving field. For instance, HHG maps the OAM properties
of the driver into the harmonic vortices. When driven by pure vortices, the qth-order harmonic
vortex is produced with topological charge ℓ� = �ℓ (ℓ being the topological charge of the
driving vortex beam). In addition, the different harmonic vortices are emitted with similar
divergence, thus allowing their synthesis into attosecond helical beams, unprecedented beams
whose phase and intensity profiles exhibit a helical structure. Thus, the combination of the
properties of OAM beams with the spatiotemporal characteristics of HHG opens an exciting
perspective in ultrafast science.
Harmonic phase matching in the generation of XUV vortices allows for the selection of their
spatiotemporal properties. Since beams carrying OAM have a very unique transverse struc-
ture, transverse phase matching plays a fundamental role in the macroscopic emission. With
the help of a thin slab model, we unveil the role of different quantum path contributions in the
generation of XUV vortices. For instance, the relative position between the gas jet and the beam
focus allows for the spatial selection of XUV vortices produced from short and/or long
quantum path contributions in the HHG process.
It has been recently shown that if OAM-HHG is driven by a combination of vortex beams with
different topological charge, the generated XUV vortices exhibit a rich OAM content, arising
from the nonperturbative behavior of HHG [30]. For instance, experimental methods to
produce vortex beams with well-defined OAM may be imperfect, and such beams with several
OAM contributions are naturally produced. Even when those imperfections are small, the
sensibility of the nonperturbative nature of the HHG makes them visible. Another example
where nonpure OAM beams are present is in the case of beams with fractional OAM, which
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can be generated with spiral phase plates or spatial light modulators [99], or using conical
refraction [100, 101].
In all these situations, the OAM dynamics are much more complex than those presented in
this review. On the other hand, it has been recently shown that spin angular momentum can
be transferred to the XUV harmonics in the HHG process [102], producing circularly polarized
harmonics and attosecond pulses [87, 88, 103, 104]. New scenarios, in which orbital and spin
angular momenta add a new degree of freedom to light-matter interaction, open an exciting
route for the next generation of high-resolution, ultrafast, XUV/X-ray diagnostic tools for
fundamental studies and applications.
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